I~ATE O~' REACTION OF ENZYME AND SUBSTRATE
Such questions have attracted the attention of investigators for many years} Moore (2) states that O'Sullivan and Tompson were the first observers who studied the velocity of the action of an enzyme, quantitatively, throughout the course of the reaction. Their work (3) was published in 1890, when, employing invertase and cane sugar, they found that the action was monomolecular, following the mass action law, and giving a logarithmic curve. Henri, however, who later worked on the same subject, obtained contradictory results, and found that the percentage rate of change, which is constant in a monomolecular reaction, increased with the progress of hydrolysis. Tammann (4) , in a series of researches, investigated not only the action of invertase on cane sugar, but also of emulsin on different glucosides. He found that the velocity was retarded in increasing amount as the reaction proceeded. Dudaux (5) found that with the concentration of the enzyme and sugar fixed, the amount hydrolyzed up to the point at which 20 per cent had been inverted, was simply proportional to the time, so that the curve representing the progress of the reaction up to this point was a straight line and not a logarithmic function. At a later stage, the curve began to obey the logarithmic law. Henri showed afterward that even in this position, Duclaux's results do not give a logarithmic curve, the percentage rate of change all the time increasing with the progress of the reaction.
Henri (6) , from an extensive series of experiments on the inversion of cane sugar by invertase, formulated the following equation that predicted the time t, required for a change x, from an original concentration a :
,[ o K(1 +E) = ~ l o g a _ x t = a factor that refers to the active fraction of the enzyme. K --a factor that refers to the rate of reaction. Another formula he developed, supposed to be more generally applicable, is:
Kffit-a (m--n) aX + n l o g a +~l o g
These equations will be discussed, together with similar ones, in a later part of our paper.
Barendrecht (7), working with invertase and lactose, assuming a certain distili We are indebted to Van Slyke and Cullen (9) for an excellent review of the work done on this subject. Mlle. Filoche (8) found that the action of maltase follows the equation:
t ~ 2x -k a log (
Brown and Glendinning have noted in the action of diastase on starch a time curve, which, according to Van Slyke and Cullen (9) , is given by the equation:
Abderhalden and Michaelis (10) 
We may now present our own formulation. The method of experiment employed follows that of Northrop (1). Gelatin was used as a substrate, and a solution of commercial pancreatin added in an Ostwald viscosimeter maintained at a temperature of 34.5°C. Changes in viscosity were then followed, by noting at successive intervMs the time required for the mixture to flow, under the action of gravity, between two points. We call the duration of the fall v, and the time at which the observation is made ~. The goal of the inquiry is, then, to discover the mathematical relationship of ¢ and L
In agreement with previous observers, we found, when low concert-trations of enzyme were used, that the changes in reaction rate, as reflected in the changes of v, could be represented adequately as an exponential function of t. With stronger solution of enzyme, this was not so; the percentage rate of change departed the more from constancy, the longer the reaction proceeded.
It was experience such as this by previous workers that was the starting point for the development of several of the formulas presented above. The interpretation they made was that the reaction contained different phases, each dominated by a different principle, and equations were constructed on the plan of representing the total action algebraically as the sum of two such elementary processes.
We adopted a different hypothesis as a guiding idea. We assumed that the process was governed throughout by one uniform principle, expressible in a single differential equation containing no summation element. The appearance at times of linearity, and, at others, of an exponential character, we took to signify that the real equation tended to degenerate to these forms under particular circumstances. If the changes described by the equation were minimal, the differences which would distinguish one form from another would become small, and might be obscured by random experimental variation. Our search, then, was for such a mathematical function as would tend to equilibrium with the progress of the reaction, and which would, further, approximate exponentiality and linearity as the process became slower. Several general forms having these characters were exhaustively investigated. We finally decided in favor of the following: If the logarithm of (8) be derived, we obtain
a straight line, the slope of which is r log e. We utilize this fact below, for the evaluation of r. . The possibility of testing the equation, therefore, turns upon the determination of the q u a n t i t y d. B y reference to the place t h a t d has in equation (8), it is seen t h a t it is a constant, which, when it is subtracted from each of the observed 9's, leaves a residuum, t h a t changes with t. I t suggests itself at once t h a t d is the time required for the flow of some constituent of the gelatin mixture inert to the enzyme, and therefore remaining constant through the course of the reaction. We concluded, on the basis of certain of our experimental results, t h a t this was none other t h a n the water itself. Fzo. 3. E x p e r i m e n t II. 0.5 cc. 0.25~0 p a n c r e a t i n + 10 cc. 3 % gelatin. 2. E x p o n e n t i a l " log v vs. t v, ---30.5f observed. Standard deviation calculated from observed --± 0.13 sec. Coefficient of variation = ± 0.3%
Such tests of the equation have now been made by us upon m a n y series of observations and the precision of prediction shown in the above experiments is typical.
The examples here referred to are ones in which the rate of hydrolysis is rapid. When the concentration of the enzyme used is low, and the velocity of reaction correspondingly slow, the equation describing the process approaches the exponential and it becomes impossible to differentiate it experimentally from one which is a simple monomolecular. This m a y be shown theoretically as follows:
Using differential expressions, the value of v determined from the exponential would be:
where vt = v at the time t, r = rate constant. Determined from (8) it would be:
The difference between the values thus determined would, therefore, be:
It is seen that the difference diminishes in proportion as r decreases, i.e. when the reaction is a slow one. We m a y expect, therefore, t h a t 442 RATE OF P-EACTION O]F ENZYME AND SUBSTRATE as we use an enzyme solution of greater dilution the reaction will appear logarithmic. This proves to be the case experimentally.
In illustration, if we examine a series of observations made with a mixture of gelatin and dilute pancreatin it will be found that they can be well represented by a logarithmic curve. But it is equally possible to fit a curve of form (8) to them and we present such a fit for the same experiment. The explanation is simply that in this instance r is so small, that the difference between the two functions is of the order of the experimental error, and so is inappreciable.
Experiment III. VI could not in this case be directly observed because of the deterioration of the pancreatin itself during the long period required for complete hydrolysis.
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..£o i.~a8 On the basis of the results reviewed and many others of similar character, we believe that an equation of form (10) is a true quantitative description of the viscosity changes in a mixture of gelatin and pancreatin. Further, we are convinced by these results, and by evidence about to be considered, that it refers to the proteolytic process and, indeed, is necessarily consequent to the laws that govern the velocity of enzyme reactions in general. The grounds for this conviction will now be considered.
If equation (8) be differentiated, the following is obtained:
RATE O:F REACTION OF ENZYME AND SUBSTRATE
This states that the rate of change of viscosity (as measured by change in duration of flow) is proportional at any instant, to the value at that instant of v, and v minus a constant K1. Now it can easily be shown t h a t this is identical in general form with the differentialequation obtained by Ostwald (11) to describe a process which he called "autocatalytic." Characteristic of such a reaction, is the fact t h a t a change in the amount of substrate is accompanied b y a change (in his case an increase) in the amount of enzymatic activity.
We are able to prove t h a t an equation of form (18) results from assuming a reaction between gelatin and pancreatin of such nature, t h a t the change of given amount of gelatin is accompanied b y the inactivation of a fixed q u a n t i t y of enzyme.
nl gelatinl q-n2 enzyme ~ na gelatin2 • enzyme (19)
active ~ inactive
Let E0 = initial concentration of the enzyme. e. = the concentration of active enzyme at any moment. e~ = " " "inactive " " " " Go --the initial concentration of gelatin. g~ = the concentration of unchanged gelatin. g2 = " " "proteolyzed " n 1, n2, n3 = stoichiometric factors.
We make the following assumptions: (1) T h a t the change in the direction gl *--g~ is negligible so that the reaction g~ --~g~ is practically irreversible.
(2) T h a t the velocity is governed b y the law of mass action. (3) T h a t v is proportional at any moment to the concentration of unchanged gelatin.
We have, then:
d-'-g l --kl (gx) (Co) = -kl (gl) (Eo-ei) ~---kl (e,) FEo-n-L2 (Go
=-,.'~k~(c') (c, .,Co:.,Zo),~,
~-~--kx and n2 Go -n8 Eo are constants and if we suppose v proporna
~2
tional to the unchanged substrate we have: 
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Equation (21) is identical with (18) and is the differential equation of (8) and (10) . We have been able to show, therefore, that equation (8) , which is found to agree precisely with our observations, follows from the assumption of a simple bimolecular reaction between pancreatin and substrate. How widely applicable are these conclusions?
Although we have experimented with gelatin and pancreatin alone, and utilized only the viscosity method of gauging the progress of the reaction, we are of the opinion that enzyme changes in general follow fundamentally the same process, and that this would be supported by other methods of estimating their action, e.g. surface tension, electric conductivity, polarimetric method, 8 etc. The results of many experimenters employing a wide variety of substrates a n d methods have been examined. We have not, in general, been able to make a direct test of the applicability to them of equation (8) for want of certain measurements necessary to the determination of the required constants. But no instance has come to our notice in which the form of changes observed could not be explained on the assumption of an autocatalytic reaction defined by (8) . ~ Happily, in a few cases, the circumstances of the experiment, and the manner of presentation of the data, permit a direct test, and for these the results follow.
The data tested comprise:
(1) Three series of observations by Van Slyke and CuUen (9) in which urea and urease were used and the amount of NHa produced determined by titration.
(2) One series of observations by Brown and Glendinning (12) in which starch and diastase were employed, and the changes followed by determining the cupric reducing power of the products.
(3) One series of Abderhalden and Michaelis (10) in which the splitting effect of yeast juice on polypeptid was measured by the polarimetric method.
In each of these, we found, the results did not agree with an autocatalytic equation such as fitted our own observations. This, however, was a limited example, and applied to the case when the enzyme s Experiments to test this are planned.
g A T E O:F R E A C T I O N O F E N Z Y M E A N D S U B S T R A T E
was decreasing. If we assume instead, t h a t the enzymatic activity is increasing the corresponding equation becomes:
x' ffi amount of substrate remaining at time l. t --time at which the observation is made. (22) If we begin the experiment at the m o m e n t of greatest possible velocity it m a y be shown t h a t K1 equals twice the original value of x p and Ks equals 1, and we h a v e 2 • xo 
Experiment VII.
Brown and Glendinning (12). 3 % starch sol. plus 0.25% malt extract--by cupric reducing power of products.
Equation (23) for this case becomes:
1 @ e 0"023337 t
x' --units of unchanged starch. t = time at which observation was made, rain, 
Experiment VIH.
Abderhalden and MichaeUs (10). In all these experiments, as was the case with our own, the deviations of observed from calculated values from the autocatalytic equation is of the order of the experimental error involved in the m e t h o d used.
Comparison with Other Formulas and Discussion of the Autocatalytic Equation.
A review of the more i m p o r t a n t equations t h a t have been formulated to represent the reaction between enzyme and substrate has been m a d e above. T h e y m a y be analyzed to be of three kinds. First, those equating the time for a change x to a logarithmic function of x. Second, those equating the time to the sum of a linear and logarithmic function of x. Third, the first formula of Henri, which stands b y itself and equates the time to the sum of two logarithmic functions of x.
R A T E O F R E A C T I O N O F E N Z Y M E A N D SIIBSTRATE
The first is the ordinary exponential form, and is the one corresponding to a monomolecular reaction. It was abandoned by all experimenters who worked over considerable ranges of concentration of enzyme, on the grounds that it did not accord with observed results. We may discard it, as an unsatisfactory form for general application, with the note that in our experience with low concentrations of enzyme, as with other experimenters, working in the realm of slowly proceeding changes, this form was found to apply satisfactorily. An illustration of this was given in our Experiment III.
The second group, that giving the time as the sum of a logarithmic and an arithmetic function of x, is the largest and warrants more careful analysis. We may generalize the experience of those workers who were persuaded to formulate this kind of equation, somewhat as follows:
They found that in certain reactions in their entirety, and in portions of others, the changes proceeded at a sensibly constant rate, giving a linear relationship between x and t. In other situations the relationship was curvilinear, the rate of changes varying rapidly. In the case where a reaction showed both features, neither linear nor exponential was applicable throughout. An exponential equation fitted to the rapidly changing portion did not suit the linear part and any rule that described the straighter region, broke down when applied to that with greater curvature. Then they noted that a function consisting of the sum of two parts, a linear and logarithmic, would suit all the observations more or less, the constants being so chosen that the linear part of the function applied to the .constant part of the reaction and the logarithmic became important when the reaction rate varied.
We think this gives a fair picture of the methodology involved in all the formulas under discussion. They differ among themselves according to the mode of choice and interpretation of the constants. Now, while these formulas will, if the proper constants are inserted, give good approximate fits, this of itself is no vindication of their form. We have compared, where feasible, predictions made by means of them, and by our own, and in each case tested ours gives significantly better values. But the important distinction rests not in the greater precision of prediction so much as in the simplicity of form of the autocatalytic and in the economy and character of the constants used.
In our equation (23) which is comparable with (7) of Van Slyke and Cullen, there are two as against four constants. Further, if we consider the more general form (10) used in our own experiments, each of the constants involved has definite physical meaning and with the exception of r 5 is determined by an experiment quite independent of the series to which it is later applied. These considerations lead to the further fact that the differential equation is of a simple form, and requires a minimum of assumptions for its derivation. In contradistinction, the differential equation derived from the sum of an arithmetic and logarithmic function, requires a complexity of assumptions for its establishment and has resulted in the construction of involved theories respecting the nature of enzyme action that have no independent corroboration.
The remaining equation to be considered, (1) that of Henri, may be shown to reduce to an autocatalytic form when certain of the constants are combined. It was, in fact, derived from Ostwald's differential equation for just this reaction. The form elaborated by Henri is to be criticized for the introduction of constants which are not necessary and which destroy the virtue of simplicity of the original.
The autocatalytic form utilized by us, we believe, gives an adequate quantitative description of the velocity changes in the reaction between enzyme and substrate. The generality of its application is reconciled with the exponential and linear changes that other experimenters and we have noted in some instances, by the fact that it tends to approximate these forms when r assumes small values. It can be deduced from the ~imple assumption of a bimolecular reaction, obeying the mass law. In every case tried the prediction made on the basis of it, deviates from observation by no greater amounts than involved in the experimental error. This expresses the fact that it is as close an approximation to the truth as is permitted to us by the available methods of measurement. It is what characterizes a law; and if the experimental results presented above should be verified for enzymes in general, it would establish the equation as the law governing such reactions. 2. An equation of the same general form has been found to apply similarly to the reaction between other enzymes and other substrates.
3. The equation may be derived theoretically from assuming a bimolecular reaction between enzyme and substrate obeying the mass action law.
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